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In order to obtain the real solution of the fracture parameters for the wedge-
splitting test, numerical simulation and inverse algorithm have been designed
to estimate the maximum tensile stress and fracture energy of cement-bonded
corundum refractory. The experimental and simulated curves have been
systematically compared to produce the bilinear model of cohesive zone
material with the inverse algorithm of nonlinear least-squares solution being
the most suitable for the simulation of the wedge-splitting test. Furthermore,
the inverse simulation procedure has been applied to specimens of various
heating temperatures and cement contents. Consequently, the fracture energy
and the maximum tensile stress initially decrease and then increase with the
temperature. Furthermore, the fracture energy has the tendency of increasing
with the cement content, and the maximum tensile stress has the highest peak
at the content of 10 wt.%. Additionally, the cement-bonded corundum
refractory presents higher brittleness after high-temperature heating
(1400�C) or with the cement content of 10 wt.% at 110�C.

INTRODUCTION

Thermal shock during the service process of
cement-bonded corundum refractories greatly
shortens the service life. Hence, improving the
thermal shock resistance of refractories is one of
the most crucial factors that determine the material
quality.1–3 Usually, there are a few popular meth-
ods, such as the water-quenching method (PRE/RS-
1), the air quenching method (PRE/RS-2), etc., that
are used to measure the thermal resistance of
refractories. These evaluation criteria utilize the
attenuation of rupture strength to characterize the
thermal shock resistance of materials, rather than
depend on the quantitative parameters (e.g., frac-
ture energy) of fracture mechanics. From the
mechanical point of view, cement-bonded corundum
refractories can be considered as a two-phase mate-
rial made of a cement-based matrix composed of
cement and fine corundum (min. powder size typi-
cally nm), and the coarse aggregates of corundum
(max. grain size typically 3–5 mm).4,5 Being a

heterogeneous material, cement-bonded corundum
refractories belong to the materials with congenital
defects, which inevitably have various sizes of
porosity and cracks after preparation.6,7 Cracks
initiate, propagate and penetrate, even causing
instability and rupture of materials after several
times of thermal shocking.8 Furthermore, the linear
elastic fracture theory is no longer appropriate to
analyze the crack propagation of materials when
the crack zone and subcritical propagation length at
the crack end cannot be ignored.9,10

Tschegg11 patented the wedge-splitting test
(WST) in the 1980s, which can perform a stable frac-
ture process based on a fictitious crack model.12 The
schematic of the WST is shown in Fig. 1a. A large
block refractory specimen (1) is prepared, and the
structure is formed by prefabricated grooves and
crack channels of a certain size on part 1. A wedge
block (2), two support blocks (3) and two transmis-
sion rollers (4) are added to part 1 in the experi-
ment. By loading the vertical force FV at a certain
rate on part 2, a crack is formed in the prefabricated
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crack channel, and the force–displacement curve
shown in Fig. 1b is recorded. From the point of Fv,
visible cracks appear on the grooves and propagate
with the decline of the load. WST has proved to be a
more effective and reliable way for determining the
fracture properties of concrete,13,14 and hence it is
used for the refractory.15–17 The fracture parame-
ters including fracture energy can be calculated
from the force–displacement curve.13,18 Despite
various good properties, the experiment is often
stopped when the load reaches a certain value of the
maximum (0.15 Fv,max; Fig. 1b) to ensure the safety
of the equipment, resulting in an incomplete force–
displacement curve and untrue solution of the
fracture parameters.

Inverse analysis is proposed to determine the
material properties, especially the fracture param-
eters including fracture energy, tensile strength, etc.
After obtaining the force–displacement curves from
the WST, the initial fracture parameters can be
determined, and then the optimization process is
conducted to minimize a suitable norm for discrep-
ancies between the experimental data and the
corresponding data obtained from the simulation.
Roelfstra and Wittmann19 proposed an algorithm for
minimizing the deviation between the experimental
and simulated load–displacement curves by using
software, which was based on the finite element
method and the discrete crack approach with a bi-
linear softening curve. This method is inefficient
because it requires that the input parameter should
be quite close to the literation results. Skocek20

presented the hinge model for the WST of concrete,
which can derive a closed-form analytical solution
for the softening curve, but it was limited by the
assumption that the plane sections were a certain
distance from the crack path, because the specimens
for the WST cannot always achieve this demand.

Kitsutaka21 used the poly-linear method, which
included a step-by-step extension of the softening
curve, and the following point on the softening curve
was obtained by minimization of the difference
between the computed and the measured loads
corresponding to the investigated crack opening.
Although it can be performed without any assump-
tion, the relationship between load and displace-
ment was heavily influenced by any measurement
error at each point, and the previous errors can be
accumulated. It can be concluded that the critical
factors restricting the accuracy of the inverse anal-
ysis are the force–displacement relationship of the
crack surface and the optimization algorithm. From
previous works, the most commonly used method to
fit the two results is the nonlinear least-squares
solution (NL2SOL), which has the objective function
and optimization algorithm within the program.22

Combined with the cohesive zone material (CZM)
model of the finite element method,23,24 the fracture
parameters can be calculated inversely. Neverthe-
less, few studies have been carried out to predict the
fracture parameters of cement-bonded corundum
refractories by inverse simulation. Therefore, an
inverse simulation for the fracture parameters of
WST for cement-bonded corundum refractories is
proposed and tested in the present paper. The
procedure takes the maximum tensile stress and
fracture energy as the input optimization parame-
ters, and the force–displacement curve obtained
from the experiment as the output correction param-
eter. The inverse analysis is carried out by using the
commercial finite element analysis software, ANSY-
S,and the optimization algorithm, NL2SOL. Conse-
quently, the final mechanical parameters such as
fracture energy, maximum tensile stress and char-
acteristic length are compared to the experimental
data for various types of specimens.

Fig. 1. (a) Schematic diagram of wedge-splitting experiment; 1 specimen of refractories, 2 wedge block 3 support block, 4 transmission roller. (b)
Load–displacement curve.
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EXPERIMENTAL AND SIMULATION
PROCEDURES

Experimental Procedure

The raw materials used for specimens were
70 wt.% tabular corundum (5–3 mm, 3–1 mm, 1–
0 mm, 98.6 wt.% Al2O3; Zhejiang, China), 19 wt.%
corundum powder (200 mesh and 325 mesh,
98.6 wt.% Al2O3; Zhejiang), and 6 wt.% aluminates
powder (� 2 lm, 99.02 wt.% Al2O3; Kaifeng, China).
The calcium aluminate cement type Secar 71
(£ 50 lm, 70.47 wt.% Al2O3, 28.08 wt.% CaO;
Lafarge, France) was used as the binder, while
4.5 wt.% water and 0.1 wt.% dispensing agent
(FS60; BASF, Germany) were added to the compo-
sitions. The cement-bonded corundum refractories
were shaped in wedge-splitting molds after mixing
and cured under the conditions of 25�C and 75%
humidity for 24 h, and dried at 110�C for 72 h.
Finally, the as-prepared samples with various
cement content (5 wt.%, 10 wt.% and 15 wt.%) were
heated at 1100�C and 1400�C for 3 h, respectively,
in which the heating rate was 5�C/min.

The WST was performed using a universal test
machine (ETM 1050) with the maximum load
capacity of 100 KN and speed of 0.5 mm/min at
room temperature. To protect the equipment, the
experiment procedure was stopped when the force
reached 0.15 Fv,max, and the force–displacement
curves were recorded correspondingly. The fracture
energy, GE

f , and maximum tensile stress, rE
max, can

be determined from the force–displacement exper-
imental curves using the following formulae:11

GE
f ¼ 1

A

Z XV

0

FVdX ð1Þ

where A is the projection area of the fracture
surface and FV and XV present the vertical load
and displacement, respectively.

rE
max ¼ FH;max

bh
1 þ 6z

h

� �
ð2Þ

where FH denotes the horizontal load of the crack
surface, b and h are the thickness and the height of
the crack surface, respectively, and z is the vertical
distance between the center of gravity of the
fracture surface and the horizontal force.

Another fracture parameter of the characteristic
length, lEch,11 is calculated as follows, which charac-
terizes the sensitivity of materials against crack
propagation:

lEch ¼ GE
f � E
rE 2

max

ð3Þ

where E represents the elasticity modulus, which is
determined by the resonance frequency dynamic
method using an elastic modulus and damping
analyzer (RFDA-HT1600; IMCE, Belgium) at room
temperature.

Simulation Procedure

The numerical simulation and the inverse algo-
rithm are used to determine the accurate fracture
parameters. The CZM model between the stress act-
ing on the interface and the corresponding interfa-
cial separation have been chosen to simulate the
crack propagation. The inversed algorithm is con-
ducted to achieve fracture parameters such as
fracture energy and maximum tensile stress by
using the commercial finite element analysis soft-
ware and the optimization algorithm, NL2SOL.

Different CZM models can be selected for various
materials, e.g., bilinear, trapezoidal, exponential
and polynomial force–displacement relationships.
The exponential law is widely used to simulate the
interface fracture behavior of composites and the
bilinear law is the most efficient method and
extensively adopted for a wide range of materials.

An exponential form of the CZM model, originally
proposed by Xu and Needleman, uses the surface
fracture energy:25

/ðdnÞ ¼ ermaxd
�
n½1 � ð1 þ DnÞe�Dn � ð4Þ

where /ðdnÞ is the surface fracture energy, dn is the
normal separation displacement, e is the natural
logarithmic constant, rmax is the maximum tensile
stress at the interface, d�n is the normal separation
displacement across the interface when the maxi-
mum tensile stress is attained, and Dn is the ratio of
dn and d�n.

The tensile stress is defined as:

r ¼ @/ðdnÞ
@dn

ð5Þ

From Eqs. 4 and 5, the tensile stress of the interface
is obtained:

r ¼ ermaxDne
�Dn ð6Þ

For the exponential CZM model, the fracture
energy, Gf , is expressed as:

Gf ¼ e� rmax � d�n ð7Þ

The bilinear CZM model, which has been pro-
posed by Alfano and Crisfield,26 and the relation-
ship between the normal cohesive traction and
normal displacement, dn, can be expressed as:

r ¼ kndnð1 �DnÞ ð8Þ
where kn ¼ rmax=d

�
n is the normal cohesive stiffness

and rmax is the maximum tensile stress. Dn, the
damage parameter, is defined as:

Dn ¼
0

dn�d�n
dn

� �
1

8<
:

dcn
dcn � d�n

� � dn � d�n
d�n < dn � d�n

dn > dcn

ð9Þ

where dcn is the normal seperation displacement at
the completion of debonding, and g is the ratio of d�n
and dcn.
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For the bilinear CZM model, the fracture energy,
Gf , is calculated as:

Gf ¼ 2 � dcn � rmax ð10Þ

NL2SOL is a nonlinear least-squares solution,
which has the objective function and optimization
algorithm within the program.22 In NL2SOL, the
fracture parameters are taken as the input variable
vector, x, and the result of the simulation is y as the
output variable vector, respectively. The input and
output variable vectors are the nonlinear function
relationship:

y ¼ gðxÞ ð11Þ

where x = {xi}, I = 1……N and N is the number of
input variables, and y = {yj}, j = 1……M and M is
the number of output variables.

The residual vector, R(x), is introduced as the
function of x and expressed as:

RðxÞ ¼ y� Y ¼ gðxÞ � Y ð12Þ

where Y is the experimental result of WST.
If R(x) = 0,the output result of the simulation is in

accord with the experimental result. Then, the
problem can be transferred to the minimum of the
residual sum of squares and the expression is as
follows:

minf ðxÞ ¼ 1

2
RðxÞTRðxÞ ¼ 1

2

XM

j¼1
rjðxÞ2 ð13Þ

where rjðxÞ is the residual of j, and f ðxÞ is the
residual sum of squares.

The gradient and the Hessian matrices of f ðxÞ are
listed as follows:

rf ðxÞ ¼ JðxÞTRðxÞ ð14Þ

r2f ðxÞ ¼ JðxÞTJðxÞ þ
XM

j¼1
rjðxÞr2rjðxÞ ð15Þ

JðxÞ ¼ R0ðxÞ ¼ @rj
@xi

ð16Þ

The second-order Taylor series expansion is car-
ried out at the iteration step k (the input variable
vector is xk), and the expression is as follows:

fkðxÞ ¼
1

2
RðxÞTRðxkÞ þ ðx� xkÞTJðxÞTRðxkÞ þ

1

2
ðx

� xkÞT½JðxkÞTJðxkÞ þ
XM

j¼1
rjðxkÞr2rjðxkÞ�ðx

� xkÞ
ð17Þ

Therefore, the optimization objective is to calcu-
late the minimum value of the function fk (x):

rfkðxÞ ¼ 0 ð18Þ

Then, the expression (17) can be converted to the
following formula:

½JðxkÞTJðxkÞ þ
XM

j¼1
rjðxkÞr2rjðxkÞ�ðx� xkÞ

¼ JðxÞTRðxkÞ ð19Þ

When it is a small residual problem, the quadratic

term
PM

j¼1 rjðxkÞr2rjðxkÞ can be ignored. The above

formula is converted to:

JðxkÞTJðxkÞðx� xkÞ ¼ JðxÞTRðxkÞ ð20Þ

According to the principle of the above optimiza-
tion method, the minimum residual sum of squares
is achieved when the following expression is
satisfied:

Rkþ1ðxÞk k � RkðxÞk kj j
RkðxÞk k � eA ð21Þ

where RkðxÞ and Rkþ1ðxÞ are the residual vectors of
steps k and k + 1, respectively, and eA is the relative
residual convergence value.

The steps of the simulation procedure are sum-
marized as follows:

(1) Establish the finite element model and define
the cohesive zone model in the commercial
finite element software.

(2) Set the initial values and variation ranges of
the fracture parameters of CZM based on the
experiment.

(3) Carry out the simulation in the finite element
software according to the fracture parameters,
and record the force–displacement curve.

(4) Compare the curves from the simulation and
the experiment, and calculate the residual.

(5) Use the optimization algorithm NL2SOL to
calculate the new fracture parameters.

(6) Repeat steps (3)–(5) until the convergence
criterion is satisfied and end the calculation.

RESULTS AND DISCUSSION

Determination of the CZM Models

To ensure the accuracy of the inverse simulation,
the results of the exponential and bilinear cohesive
zone models are compared. The input fracture
parameters for the exponential and bilinear CZM
models in inverse simulation are listed in Supple-
mentary Table S1. The elastic modulus, E, the
surface fracture energy, Gf , and maximum tensile
stress, rt, are the input optimized parameters in the
exponential CZM model, while an extra parameter,
g, is added as the input optimized parameters in the
bilinear CZM model.

The calculated residual and the relative residual
based on the exponential and bilinear CZM model
are shown in Figs. 2 and 3, respectively. The
solution reaches the convergence criterion for 8
and 11 times iteration, respectively. The minimum
residuals of the two models are 3250 and 77.3,
respectively. The minimum relative residuals are
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1.4E�07 and 1.3E�09, respectively. This indicates
that the residual of the bilinear CZM model is
significantly lower than that of the exponential
CZM model.

The comparison curves between the simulation
and experimental results based on the exponential
CZM model are set out in Fig. 4. The vertical force–
displacement curve calculated according to the
initial value is quite different from the experimental
and the optimized simulation. The optimized simu-
lation results also greatly differ from the experi-
mental results. It is shown that the optimized
simulation results using the exponential CZM
model are not suitable.

The force–displacement curves of the simulation
and experiment are shown in Supplementary
Fig. S1. The vertical force–displacement curve cal-
culated according to the initial value of the input
parameters is far from the experiment curve, while
the optimization simulation results are consistent
with the experimental results. This verifies that the

inverse algorithm is feasible to calculate the frac-
ture parameters of refractories by using the bilinear
CZM model for the cement-bonded corundum
refractories. Therefore, the bilinear CZM model will
be adopted in the following section.

Results of Specimens with the Same Formu-
lation

To further confirm the application of the simula-
tion procedure, three specimens with the same
recipe and heating temperature are chosen, desig-
nated as a#, b# and c#, respectively. The inverse
simulations are performed based on the experiment
results of the three specimens by the bilinear CZM
model. The simulated curves are in accordance with
the experimental curves in Fig. 5, and the residuals
are similar, namely 8263, 7084 and 7048,
respectively.

The fracture parameters of the experiments and
the parameters calculated by the inverse simulation
for the three specimens are demonstrated in

Fig. 2. The residual and relative residual with the iteration steps based on the exponential CZM model.

Fig. 3. The residual and relative residual with the iteration steps based on the bilinear CZM model.
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Table I. The mean value of the experimental frac-
ture energy, GE

f , is equal to 215.64 N/m, and that of

simulated GS
f is 264.01 N/m, which is 22.4% higher

than the former. The difference between the GE
f and

GS
f results from the GE

f is calculated up to 15% of the
maximum load in the experiment as described
above. These values of the experimental and simu-
lated for the maximum tensile stress are 8.44 and
6.13 MPa, respectively, illustrating that the latter
is 27.4% lower. The discrepancy between rE

max and

rS
max is owing to the size effect.27,28 The values of lEch

and lsch are different, evidently derived from the
experimental normal stress being considerably
larger than the simulated maximum tensile stress.

Results of Specimens with Various Heating
Temperatures

Specimens with the same formulation as those in
Sec. 3.2 were heated to various temperatures
(110�C, 1100�C and 1400�C), and the fracture
parameters from experimental and simulated
results are compared in Fig. 6, as well as the
characteristic length. The differences between the
experimental and simulated results present the
similar regularity as the previous investigation.
The simulated fracture energy is higher than the
experiment value, which are about 22.4, 30.8 and
13.7 from 110�C to 1400�C, respectively. In contrast,
the maximum tensile stress of simulation is lower
by about 27.4%, 28.4% and 1.3% than the experi-
mental results with those temperatures, respec-
tively. After optimization, the increase of the
fracture energy and the decrease of strength lead
to a large discrepancy of the characteristic length
between the experimental and simulated results.
On the other hand, the fracture energy and the
maximum tensile stress have a minimum at 1100�C
and a maximum at 1400�C. According to Refs. 4, 6,
and 7 the specimens, in gel states at 110�C, lead to
the relatively higher strength. The weak bonding at
the interface and the formation of a loose structure
cause the lowest strength at 1100�C. Due to the
formation of the ceramic phase, the bond force of an
interface between the aggregates and the matrix
can be strengthened when the temperature rises to
1400�C. Consequently, the fracture energy can be
promoted by 48.9% and even the maximum tensile
stress increases substantially from 110�C to 1400�C.
Based on the analysis of Ref. 29 the cement-bonded
corundum refractories present higher brittleness at
the high temperature attributed to the low charac-
teristic length, which is adverse to crack
propagation.

Fig. 4. Force–displacement curves based on the exponential CZM model.

Fig. 5. Experimental and simulated force–displacement curves from
the WST (the curves of b# and c# were shifted 0.25 mm to being
better distinguish them).
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Results of Specimens with Various Cement
Contents

Regarding the fracture mechanical behavior
related to the physical properties, the experimental
and simulated results for various cement contents
(5 wt.%, 10 wt.% and 15 wt.%) at 110�C are shown
in Fig. 7. Likewise, the optimized value of fracture
energy is larger than the experimental data with
the contents of 8.51, 14.61 and 13.59%, respectively.
However, that of the maximum tensile stress is
smaller than the latter, about 27.4%, 12.6% and
21.9%, respectively. In addition, the fracture energy
carries out the tendency of increasing from the
content of 5 wt.% to 15 wt.%, which can be
explained because the fracture energy of the spec-
imens mainly depends on the hydration intensity of
the cement at low temperature.4 The more the
cement content, the higher the hydration intensity,

so the fracture energy is proportional to the cement
content. The maximum tensile stress increases at
the early stage and then decreases with the highest
peak at the content of 10 wt.%, which illustrates
that more cement content is not favorable to the
maximum tensile stress. This can be attributed to
the porosity, formed after the cement hydrate
decomposes and water vaporizes. The more the
cement content, the more water is added, the
greater the porosity after drying at 110�C, which
causes the structure to lose its load-supporting
capability. However, the porosity is beneficial for
releasing the thermal stress and prolonging the
crack path of propagation. Therefore, the content of
15 wt.% has a higher characteristic length. More-
over, the specimen with the content of 10 wt.%
demonstrates a higher brittleness on account of the
lowest characteristic length, due to less porosity and
higher strength.

Table I. Comparison of experimental and simulated results from the WST curves for 3 specimens

a# b# c# Mean value SD

Experimental Fracture energy GE
f (N/m) 193.02 229.55 224.36 215.64 15.08

Max. maximum tensile stress rE
max(MPa) 8.51 8.36 8.44 8.44 0.05

lEch (mm) 306.02 378.72 363.01 349.25 28.82

Simulated Fracture energy GS
f (N/m) 251.84 272.58 267.60 264.01 8.11

Max maximum tensile stress rS
max (MPa) 6.22 6.15 6.02 6.13 0.07

lSch (mm) 665.27 736.57 734.94 712.26 31.33

Fig. 6. Experimental and simulated force–displacement curves from the WST for specimens with various heating temperatures.
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CONCLUSION

A new method for determining the fracture
parameters for cement-bonded corundum refracto-
ries is proposed. To prove the feasibility of the
method, several tests with various types of cement-
bonded corundum refractory are analyzed. The
results show that the bilinear CZM model and the
inverse algorithm NL2SOL are well suited to sim-
ulate the fracture parameters such as the maximum
tensile stress and fracture energy, and a good fit
between the simulated and experimental curves is
achieved. Additionally, the complete force–displace-
ment curves are computed compared with the
experimental curves. The errors of the fracture
energy and the maximum tensile stress are approx-
imately 20% and 25%, respectively. Subsequently,
the fracture energy and the maximum tensile stress
have the minimum at 1100�C and a maximum at
1400�C. The fracture energy carries out the ten-
dency of increasing with the cement content, and
the maximum tensile stress increases in the early
stage and then decreases with the highest peak at
the content of 10 wt.%. The cement-bonded corun-
dum refractory presents higher brittleness at a high
temperature (1400�C) or with the cement content of
10 wt.% at 110�C.
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